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1. INTRODUCTION

The objective of this work is to dovelop an accurate and efficient
numerical procedure for solving the unsteady Navier-Stokes equations to
describe transient spin-up flow occurring in a cylindrical container when
it is suddenly rotated about its longitudinal axis. Knowledge of this
internal flow is needed to design gun-launched projectiles which carry
smoke/incendiary agents or chemical payloads. Liquid payloads enhance
spin decay of projectiles!’? and their presence can produce flight dynamic
instabilities as a result of resonance between the projectile nutatioral
motion and inertial osciliations in the rotating liquid®. From a
computational viewpoint this problem is instructive becausc it is an
cxample of a class of internal flow problems for which computational
experiments can uncover details of the flow that cannot be easily
visualized or measured experimentally.

The results presented here demonstrate that a predictor-corrector
multiple-iteration (PCMl) technique developed by Rubin and Lin" for
solving steady three-dimensional boundary region problems can be success-
fully adapted to solve the unstcady Navier-Stokes equations. In the

present approach this method 15 combined with ¢ Gauss-Seidel procedure®

and grid stretching transformations to produce an accurate and efficient
numerical procedure for describing the spin-up process. Calculations
with the PCMI method have been performed for spin-up from rest and spin-
up from an initial state of solid-body rotation; in both types of
problems inertial oscillations have developed in the rotating liquids.
Numerical results have been obtained for a range of cylinder aspect
ratios, a, from 0.3 to 4.4 and a range of Reynolds numbers from 215 to
50,000, dCalculations performed for five test problems are consistent

g, H, Wedemeyer, "The nateady Flow Within a Spinning Cylinder,"
J. Fluid Mech., Vol. £0, Pt. &, 1984, pp. 383-399; also see BRL Report
1282, Aberdeen Proving Ground, MD, AD 431846, Oct. 1963.

“C. W, Kitohena, Jr., N. Gerber and R. Sedney, "Spin Deoay of Liquid-
Filled Projectiles,” J. Spacecraft and Rockets, Vol. 15, No. 6, Nov-Dec
1978, pp. 346-354.

3k, Stewartson, "On the Stability of a Spimming Top Comtaining Liquid,"
J. Flutd Mcoh, Vol, 6§, Pt. 4, Sept. 1858, pp. $77-592.

“3. G. Ruwbin and T. C. Lin, "A Numerical Method for Three-Dimensional
Viecous Flow: Application to the Hypersomio Leading Edge,"

_‘_‘L{__QQ!E' Phus., Volo 9’ 19?2' pp- 339"36‘0

M. G. Salvadori and M. L. Baron, Numerioal Methods in Engineering,
Prentice~Hall, Ine., Englewood Cliffi, N. J., 1861,

7
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with previous computations®:”,8 and experimental measuroments®:9,
Numerical results have also been used to quantify the flow in the Ekman
(or endwall) boundary layers during spin-up and thus develop an
appropriate “computibility condition" for use in Wedemeyer's model! for
spin-up from rest. Although the results are not discussed here, the
PCMI procedure has boen used to obtain spin-up flow in the annulus
between finite-length, concentric cylinders, Neitzel!? also used the
PCMI computer program to study the onset and temporal development of
fluid dynamic instabilities during spin down in a cylinder.

¢ e A TR
L
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11. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The calculations employ a finite-difference analog of the unsteady
axisymmetric Navier-Stokes equations formulated in cylindrical coordinates
(r,0,2). The cquations are expressed in terms of stream function, Y,
vorticity, £, and circulation, y, instead of velocity and pressure in
order to simplify the numerical procedure. In dimensionless variables
the governing equations are

vly - vr/r - rg, 1)

Ly * UL ¢ WL - ug/r - 2y /v) . (1/Re) [v2g + ¢ /r - ¢/r2], (2)

Yg * uY, ¢ Wy, = (1/Re) (vi¢ - ve/rl (3)

t

4 where the subscripts denote partial differentiation and

Re = faf/v, (4)

64, Wawm-Varnaa, . W. Fowlte, S. Piacaek and S. M. lee, "Numerical :
Jolutiona and Laaser Doppler Measuremente of Spin-Up," J. Fluid Mech., F
v l. 85, Pt, 4, 1878, pp. £09-639.

"W. R. Briley, "Time¢ Dependant Rotating Flow tn a Cylindriocal Container,"
PhD Dissertation, The Imiveraity of Texas at Austin, 1968, Univeresity
Microfilme, Ino., 69-6121.

8. R. Brilay and H. A. Walle, "A Nwmerical Study of Time-Dependent

Rotating Flow in a Cylindrical Contatner at Low ani Moderate Reynolds

Manbera,” Proc. 2nd Intl, Conf. on Num. Neth. Fld. Dyn., lecture Notes

in Physice, Vol. 8, Springer-Verlag, 1970, pp. 377-384. ]

. B. Watking and R. G. Huseey, "Spin-Up From Rest in a Cylinder,"
Phye. of Fluids, Vol. 80, No. 10, Pt. 1, 1977, pp. 1596-1604.

105, P, Neitazel, Jr., "Centrifugal Inatability of Decelerating Swirl :
Flaw within Pinite and Infinite Circular Cylindere," PhD Dissertation, 1
The John Hopkina Univereity, Baltimore, MD. 1879. 3
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Y = TV, (6)

R e R L i i,

L eu, - w, (7)

with the axisymmetric strean function defined so that
u=Y/rand we - Yr/r. (8)

The Ehman number based on half-height is related to Re by

Eh = v/ (1c”) = 1/ (a’Re),

The stream function-vorticity-circulation formuiation yields an elliptic
POE, Equation (1), and two parabolic PDEs, Equations (2) and (3), which

are coupled. The boundary conditions impose additional coupling between
Yy and g,

S e 7 T A R ST WS TR iR R Y 0

The vondimensional variables used here are formed by
r = R/a, = Z/a, t = T,
u = U/(a), v = V/(ua), w = W/(Qa), (9
Y = y/(Rat), y = T/(0 &%), = 2/Q.

The initial conditions for spin-up are

Y= 0,y= uir’/n for t < 0, (10)

e e o i i s T N L e sk

: where 3; is the initial cylinder rotation rate. Computational efficiency
3 and resolution arc improved by employing a symmetry boundary conditior

e at the cylinder mid-planc, 2 = a. This cffectively halves the number :
E_ of grid points required. The boundary conditions for t 2 0 are i
1 ¥(t, 0, 2) = y(t, 0, 2) = ¢(t, 0, z) = O, (11a) '
: 4
: 1
E i
" ¥(t, 1, 2) =0, vit, 1, z2) = 1, g(t, 1, 2) = 'rr (t, 1, 2), (11b) i
;
¥(t, r, 0) = 0, v(t, v, 0) = r?, ¢(t, r, 0) =¥ (t, r, 0)/r, (11c) B
& %
4 ¥(t, r, @) = g(t, T, @) = 0, v, (t, T, a) = O, (114) | |
9 !
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The boundary comditions for vorticity along the sidewall and cndwalt,
Lquations (UMY and (11e), are derived from Lquations (7) and (8) hy
imposing the no-stip conditions for velocity, Figure 1 illustrates the
coordinate system and boundaries used In the numeric ! calculations
for spin-up.

During the spin-up process there are viscous regions near the side-
witll and cndwalls which become very thin as Re becomes larger the 1000
or s0, necessitating u fine grid to resolve the boundary-layer type
phenomena slong these walls,  Analytical coordinate transformations are
used to optimize the grid point distribution and transform o nonuniform
grid in the physical plane into an equally-spaced grid in the computa-
tional planc. Transformations based on the work of Roberts!!,

B = In [(ber)/(b -/t [(B+ 13/(0 - 1)), (12a)
nE b+ In [(C s 2/a - 1)/(C - 2/a » 1))/In [(€ + 1)/(¢c - )], (12b)

“ Y .
with b = (1 « d)'l/‘ and ¢ = (1 - e)'llz are selected. These trans-
format: s are particularly suited for problems where thin viscous
region: lic along one boundary in cach of the coordinate directions,
Values of ¢ and ¢ (0 < d <1, 0 < e < 1) are specified to group a large
fraction of the grid points (typically 1/2 or so) into the sidewall and
endwall viscous regions where large velocity gradients arc present; as
d and ¢ * 0 the grid point spacing becomes finer ncar the sidewall and
endwall, respectively. Figure 2 shows a typical nonuniform grid point
distribution in the physical plane produced with these transformations, sec
Equation (12), using equally-spaced grid points in the computational
plane,  The complete set of transformed ecquations and houndary conditions
are given in Appendix A,

IT1. NUMERICAL PROCEDUR::

Many methods have been used by previous investigators to solve the
stream function-vorticity form of the Navier-Stokes equations. Perhaps
the most popular technique i. to combine the altemating-direction
implicit (AD1) method!? for the ¢ and y-equations with cither an ADI or

115, 0. Roberte, "Computational Meehes for Boundary-layer Problema,"
Proe. 2nd Imtl. Conf, on Mam. Meth. Fld. Dyn., Lecture Notee in Physics,
Vol. 8, Springer Verlag, 1970, pp. 171-177.

12p, W. Peaceman and H. H. Rachford, Jr., "The Numerical Solutiom of
Farabolie and Elliptic Differential Equations,"" J. SIAN, Vol. 3, No.
1, 1955, pp. 28-41.

10
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successive over-relaxation (SOR) method!d for the ¥-cquation., This
report describes an efficient alternative procedure for solving the ¢
und y-cquations, namely, tho semi-implicit POMI method. To the best of
the author's knowledge this is the first time this method has been uscd
to solve the Navier-Stokes cquations. It represents a compromise in
approach between the implicit ADI scheme and explicit schemes used by
other authors. In the present application the Y-equation is solved by
the Gauss-Seidel mothod?; the SOR method was used for test calculations,
but it did not speed up the overall procedure.

In the POMI method the solution is advanced to a new time level in a
single time step At as opposed to the two half-time steps required in
one cycle of the ADI method. 1t is implicit in the radial direction;
the solution requires only the inversion of a tridiagonal matrix for each
row in the computational grid. The ADI procedure, on the other hand,
requires that a tridiagonal matrix be solved for each row in the first
half-time stop, and then for cach column in the socond half-time step,
leading to a longer computation time per full time step.

A symmctry boundary condition, such as y, = 0 along the cylinder
mid-planc, is casy to implewent in this wethod since all flow gradients
in the :-direction are approximated by prediction and subscquent
correction in this time-iteration technique. This approach eliminates
the cross coupling of grid points, thus reducing the size of the inver-
sion matrices and decrcasing the computer time required. The iteration
procedure allows the boundary vorticity to converge and also allows the
nonlincar terms to be approximated and then corrected, giving a more
accurate simulation of the nonlinear coupling between equations.

Central difference formulac are used for all spatial derivatives at
interior points, avoiding falsc-diffusion effects introduced by upwind
- difference schemes. Temporal derivatives are approximated by second-

The following finite-difference representations are used for the g-
cquation:

me} »e]
Ly = (1/208) [‘i‘l. a1, k " Siel, j-l.k] ' (13a)
- (l/\a.’) ms) -2 nel . mel
‘a8 WL, ety kT e, gkt Ber, k] ase
mel .
¢, = (1/28¢) [SCiOI,j,k - ‘ci.j.k . ;i~l.j.k] , (13¢)

0. Young, "Itarative Nethods for Solving Partial Difference Equations
of Elliptie Type,"” Trans. Amer. Math. Soo., Vol. 76, 1954, pp. 92-111,

13

order accurate one-sided difference formulae involving three time levels,
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¢, » (1/28n) [ el ket ” c';,,',’,‘_;] : (13d)

Cpn * (1/A0T) [(':::.j.hl S 2504kt G gk 1] (13e)
Yy = (1/208) [ fel,jel .k :ol,j-l.k] ' (13f)

Y.t un “")[ Yol g kel 'Ll.j,k-l] : (13g)
< (13h)

(13i)

] ] L} .
”ﬂ - (th,j.klzbn)hiﬂ.j.k‘l - th,j.k-l) 4

where superscript m denotes the time-iteration number. The expressions
for the v-equation are identical in form to Equations (13). The finite-
difference represcntations for the Y-equation are:

\i “""‘”[ e, jel,k ° e i1 k] (14a)
Vgu = (1/887) [ AR '?::.j-l.k] e (4b)
v, - (1/mn)[ el kel ?::.;.k 1] (14¢)
Ynn * (1/an?) [ iel,) kel - 2 ?:: oJ ok ?:: W) k- ] ' (14d)

where superscript n denotes the t-iteration number. Figure 3 shows a
finite-difference stencil for this scheme with all derivatives cvalusted
at (i+l,j,k). The above finite-difference approximstions are compact,
involving only one time lcvel. This leads to programming simplifications
and shorter run times. The complete set of finite-difference equations
is given in Appendix B. These finite-differencc expressions insure
truncation errors for interior points of 0(at?, as?, an), The overall

14
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accuracy of L he method depends on the treatment of the houndary con-
ditions and this will be discussed later,

The numerical procedure is ecasy to implement. For the predictor
step, or first iteration of cach time-iterative cycle, terms in the
difference Oqudtxons with superscript 0 are approximated by a Taylor
series to 0(at?):

.0 " ; R . N R} [4
Fior o " 3 7 3F a5,k Fiegy,k * 008, (15)

During the first two time steps extrapolations of 0(At) and 0(st?) are
used, respectively. The use of Equation (15) reduces the number of
iterations required to achieve accuracy and stability; these advantages
must be woighed against possible storage problems caused by the addi-
tional planes of data needed for the extrapolation., The influence of
the extrapolation procedure on stabxlity and iteration convergence has
been discussed by Rubin and Lin“

After extrapolating guesses for co. 80' and Yo at time (i+l), the
wall vorticity is determined using the Y -values and Equations (11b) and
(llc). The manner in which this is carried out descrves special comment,
since it can often have a strong infiuence on iteration convergence.

In the present calculations we adopt a first-order form for the wall
vorticity boundary conlitions, expressed in transformed coordinates as

mel

Cuy = (B )2v l/(AB ) + 0(aB), (16a)
me | , m 2 .
Cowe = 27 ¥/ (ran?) e 0(an); (16b)

where subscript wel represents the grid point adjacent to each respec-
tive wall point. This first-order form is used since it is known to have
the least adversce effect on iteration convergence and it often gives
results essentially identical to higher-order accurate expressions!’,

The numerical procedure used here appears to be fully compatible with
second-order accurate expressions for wall vorticity, based on the
results of test calculations for a = 1, Re = 1000. The boundary values
for v along the midplane are determined from the one-sided difference
expression

Y“C, W. Kitchams, Jr., "Separation and Reattachment Near Square
Protuberancee in Low Reynolds Number Couette Flow," BRL Report 16395,
Aberdeen Proving Ground, MD, AD 773663, Jan. 1974.
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n=l

where M-1 and M-2 represent the first and second points, respectively,
adjacent to nxl,

With all bog?dary values now approximated, the difference equations
for Y™ 1! and (™" are solved with the PCMI method using the m-iterate
values to form the coefficients of the nonlinear terms. The calculations
start along the row of points, M-1, adjucent to the midplane and work
downward toward the endwall., The derivatives in the g-direction arc
trcated implicitly, thus requiring the solution of a tridiagonal system
of cquations along each successive row., The (me¢l)-itcrate values at
(iel,j,k+1) arc used to approximate derivatives in the n-direction at
{i+1,).k) as soon as they become available; see Equations (13d) and
WU3e),

At the ond of cach iteration cycle for ¢ and y, the difference form
of the stream function equation is solved iteratively by the Gauss-Seidel
technique. The solution is obtained by starting at the interior grid
point adjacent to 8x=nw0 and sweeping first in 8 and then n, making use
of updated values as soon as they hccome available; sec Equations (14).
Convergence is assumed when

Max | L ™ 6 - (18a)

This is typically achieved in 2-3 itcerations with ¢, = lx10"7. The
converged values for ¥ are now used to update the boundary values for ¢
and repeat the iteration process for vy and {. The iteration process is
assumcd to converge when both

Max . | me ]l . Yl!| < ¢

jo Y (18b)

2 L]

Max, | ™! L™ < (18¢)

3

It typically roguircs 2-3 iterations to satisfy Equations (18b, c¢) with
€2 = €3 = Ix10°%; at very carly time 5-10 iterations are generally needed
due to the sovere flow unsteadiness caused by the impulsive start and

the subsequent inaccuracy of the extrapolated guesses.
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V. STABILLUTY PROPERTIES OF NUMERLCAL PROCEDURE

Rubin and Lin" have analyzed the interior point stability of the
PCME method for o model linear equation, Their annlysis shows that the
method is conditionally stable and that with one or morc iterutions the
stability criterion is independent of Re. On the basis of their results
the appropriate stability criterion for our calculations is

At S Minj.k {an/l n,,/Re ¢ 8 n, *5/!"1- (19)

The term in the denominator containing Re results from the coordinate
transformation for z; this term vanishes if an equally-spaced grid is
used in the z-direction. Equation (19) must be applied cautiously since
the governing equations are actually non-lincar and the boundary condi-
tion treatment has not been included in the analysis.

Numerical tests were conducted to assess the of fect of vielating the
above stability criterion. These tests were conducted for a = 1 with
Re = 1000, 9742 and 50,000, using three combinations of grid sizes for
cach Re and several different values of the transformation paramecters
d and e, The results show that numerical stability is always achieved
when BEquation (19) is satisfied. In some cases the PCMI calculations
remain stable with 2t as large as 150% of the maximum allowable value,
In general, the calculations show that satisfying Equation (19) is
sufficient, but not necessary, for numerical stahility, Equation (19)
was satistied at cach time step in the illustrative examples to be
discussed next,

V. COMPARISON WITH PREVIOUS WORK

The present method has been used to treat the problems of spin-up from
rest and spin-up from an initial state of solid-body rotation. We
comparce our rcsults with those of Warn-Varnas et al.® for the latter
problem.  They used an ADL technique coupled with a scheme developed by
Williams!® to solve the velocity-pressure form of the Navier-Stokes
equations. In their calculations they differenced the governing equations
dirertly on a stretched grid instead of transforming to now coordinates
as is done here. Their computations were verified by measurements taken
with a laser doppler velocimeter (LDV) system,

Figure 4 shows a comparison of the present calculations with results
from Reference 6 (their Figure 13b). The comparisons are expressed in
terms of their quantity called "zonal velocity'" (ordinate in Figurc 4)

15G.p, Williama, "Numerical Integration of the Three-Dimengional Navier-
Stokes Equationa for Incompressible Flow," J. Fluid Mech., Vol. 37,
1369, pr. 787-750.
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Figure 4. Inertial oscillations during spin-up from
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which is a scaled non-dimensional angular velocity, The results are
shown at r = (.25 on the cylinder symmetry plane for a case with u =
0.3182, Re = 7334 and @y = 0,.818211, The inertial oscillations cexcited
by the sudden increase }n cylinder rotation rate are clearly predicted
in both computations and are in fairly goou agreement with experimental
measurements.  Both of these numerical results appear to he within the
experimental uncertainty associated with these data, according to the
error analysis presented in Reference 6. Comparisons for several other
positions in the cylinder (not shown here) give similar agreement for hoth
the decay of the zonal velocity and the amplitudes and phases of the
inertial oscillations. The computation time and number of grid points
used to obtain the numerical results in Reference 6 are not stated. The
PCMI method required 51.5s of CPU time on a COC 7600 computer using a
strotched (d = 0.3, e = 0.1) 41 x 21 (r-z) grid with 600 time steps

(At = 0.063). Approximately 2-3 iterations were required per time step.

The problem of spin-up from rest has been emphasized in the present
work because of its application to liquid-filled projectiles. This
problem is, by its nature, nonlincar; the previous problem can be
linearized for small & - Q5. Figure 5 compares cesults for zonal velocity
for spin-up from rest with those for spin-up from a previous state of
rigid-body rotation. The comparison is made at r » 0,90 for two values
of z, illustrating the axial structure present in these oscillations.

For &t; = 0, results for both values of :z indicate that the frequency of
the dominant inertial mode increases with time at the early times shown
in Figure 5. the amplitude of these oscillations damps rapidly and cannot
be detected for t > 40,

Comparisons have been made with computations of Briley’ and Briley
and Walls® for spin-up from rest. They studied this problem for low Re
using the ADI technique to solve the stream function-vorticity form of
the Navier-Stokes equations. Figure 6 compares values of rotational
volume flow rate,

Q = (1/a) fl fza v dzdr, (20)
o o

for two cases. The quantity Q can be used to obtain a mcasure of the
spin-up time. Briley and Walls used a uniform grid that became re-
strictive at moderate Re due to the small thickness of the endwall
boundary layers; they obtained results for Re as large as 1167, Our
calculations appear to be in good agreement with all of their results
for spin-up. Neitzel's comparisons for spin-down!®, however, showed
only qualitative agreement with Brilcy and Walls' results for Re = 1167,
The observed differences are thought to be due to grid size effects.

The present computations have also been compared with LDV measurements
taken by Watkins and Hussey?. Figure 7 presents comparisons of azimuthal
velocity along the cylinder mid-plane at four instants during spin-up for
a case with a = 1.515, Re = 3076. Figure 8 shows gimilar comparisons for
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a @ b, Re = 974100 The size of the symbols used to plot the experi-

; mental data in Figures 7 and 8 avoroximatelvy renresents the size of the

: ] error bars thaut should be attached to these doata.  The calculations in
A Figure 8 used a 21 x 21 grid with d = ¢ = 0.10 and required 2745 time

steps with At = 0,10 to reach t = 274.5, Approximately 1-2 iterations

; i were required per time step to satisfy Equations [18). 1t is interesting
‘ § to note that the PCMI solution required only 69s of CMU time on the CDC

! £ 7000, whereas the experimental spin-up process depicted in Figure 8

; g required 150s,

The results shown in Figures 6, 7 and B are representative of the
“core" flow in Wedemeyer's model of spin-up from rest and they can be
predicted fairly well using that model; the accuracy of the prediction
increases as Re increases. However, Wedemeyer's model says very little
about the flow in the Ekman layers, in the corner vogion, and along the
sidewall. These phenomena will be discussed next,

VI. TRANSIENT PHENOMENA AT | ARLY TIME

§ The calculations were used to examine the details of the spin-up
3 ¢ flow in the endwall Ekman luyers and investigate transient reversed fiow
: i regions  aat develop and then decay along the sidewall during the first

fow rotations after the impulsive start. The latter phenomena arve

illustrated in Figures 9a-d.  Instantancous streamlines are shown for

the Wathins and Hussey case with a = 1, Re = 9741.6, bascd on calculations

performed with a 41 x 41 grid with d = ¢ = 0.1 and At = 0.05. The calcu-

lations predict the development of several weak reversed flow regions

in the meridional flow along the sidewall, A single raversed flow

region has formed necar the corner by t = 6 (sce digure 9b); two such ;

regions have formed along the sidewall by t = 13 and there are four i
)
{
}

T

LSBT et g

o pepe

present by t = 20 (see Figure 9¢). These weak reversed flow regions
"coliapse" in the next half-rotation or so (sce Figure 9d for t = 24)
and do not redevelop for t ~ 24, Grid convergence studies for this case :
show that the quantitative results in Figures 9 are sensitive to grid :
si:e; nevertheless, the qualitative presence of the reversed flow regions Py
is predicted for calculations with 11 x 11, 21 x 21 and 41 x 41 grids. % %

e

DIT e Ty

The transient reversed flow regions do not develop in calculations ‘
for a = 1, Re € 1000, possibly because of the large amount of viscous P
dissipation, At higher Re there is less viscous dissipation present and P
inertial cffects become more pronounced. At very carly time the inertial : §
oscillations are confined to a thin layer of rotating fluid along the P
sidewall. Fluid particles near the endwall are accelerated radially P
outward in a spiral motion as the Ekman layer develops. These particles
overshoot their "cquilibrium radial position' before they turn upward 1
from the edge of the Ekman layer near the corner. The reversed flow E
regions that dovelop along the sidewall are apparently linked to the
inertial oscillations developed as swirling fluid particles travel up- ;
ward along the sidewnll and begin to migrate radially inward. As Re S
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increases, the calculations predict that both the inertial oscillations
and reversed flow regions bocome more pronounced. Figure 10 shows
instantaneous streamlines for a = 1, Re = 50,000 and t = 15 obtained with
o 41 x 81 grid with d = ¢ = 0,05 and At = 0,.0125, At this Reynolds
number, the local oscillations in the corner region arc more severc than
at Re = 9741.6. The reversed flow regions present in Figure 10 dissipate
completoly by t = 50, Grid convergence studies for this case indicr-e
that tho finite-difference resolution for this transformed 41 x 81 . .id
is inadequate to resolve the fine scales of the mation present in tne
corner region at early time; this case had 315 grid points in the corner
region dofined by 0.9 < r <1, 0 < 2 <0,2. Similar calculations for
a=1l, Re=1x 109 developed a numerical instability at t = 4.6; the
allowable value of At, given by Equation (19), approached zero duc to

the extreme severity of the local oscillations in the corner. This may
indicate the development of a physical instability at this high Reynolds
number.

It is possible that the reversed flow regions observed in these
calculations are related to a physical ghenonenon obscrved in Weidman's
spin-up experiments!® for Re = 5.9 x 105. He conducted experiments for
a = 1,93 using various wall acceleration rates and found that for wall
accelerations # 4 rad/s“ a "turbulent column" formed along the sidewall
at carly time and then it eventually disappeared,... "leaving an entirely
laminar approach to solid body rotation." Although the largest Reynolds
number used in our calculations is much lower than 5.9 x 10°, onc can
speculate that the local reversed flow regions present in the numerical
calculations at moderate Reynolds number are manifestations of the
obscrved transient "turbulent column' obscerved by Weidman. Additional
flow visualization experiments are required to investigute this further.

VII. EKMAN LAYER MASS FLOW AND COMPATIBILITY
CONDITION DURING SPIN-UP

An accurate description of the Ekman layer radial mass flow is needed
to establish an appropriate "compatibility condition" for use in the
Nedemoyer spin-up modcl!., The Wedemeyer model has been used by many
investigators!»?,9,16,17,18 ¢4 geudy spin-up from rest. In this model
the flow is split into two parts: the Ekman layer flow and the remainder

16p, D, Weidman, "On the Spin-Up and Spin-Dowm of a Rotating Fluid, Part
2. MNeasurements and Stability,” J. Fluid Nesh., Vol. 77, Pt. 4, 1976,
pp. 709-735.

17p, D. Weidman, "On the Spin-Up and Spin-Down of a Rotating Fluid, Part
1. Extending the Wedemsyer Model," J. Fluid Mech., Vol. 77, Pt. 4,
1976, pp. 685-708.

184, Goller ond H. Ranov, "Unsteady Rotating Flow in a Cylinder with a
Fre¢ Surface,” J. Basic «» Trane. ASNE, Vol. 90, Series D, Dccember
1968, pp. 445-4377""'532
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of the flow, called the core flow. A partial differential equation for
the core flow is derived from an order of magnitude analysis of the
Navier-Stokes equations. In order to solve this equation, Wedemeyer
postulates a compatibility condition, or functional relationship between
the radial and azimuthal velocity components in the core, to approximate
the coupling betwoen tho core flow and the flow in the Ekman layers.

The radial mass flow rate in the Ekman layer, at a given radial position,
prescribes the core radial velocity by conservation of mass. Wedemeyer
developed his linear compatibility condition by interpolating between
known results at t = 0 and =; it can be illustrated as shown in Figugc
11. He assumed that this condition was valid as long as Re € 3 x 10

and the Ekman layer remainced laminar. Severalinvestigators?,16,17,18
have used Rogers and Lance's numerical solutions!?, for the laminar
boundary-layer flow on an infinite rotating disk, in an attempt to con-
struct a more accurate "non-linear" compatibility condition. These
solutions, for various ratios of the outer flow-to-disk rotation rate,
have been utilized to produce the non-monotonic compatibility condition
shown in Figure 11. Weidsan!®:!7 used the Rogers and Lance compatibility
condition together with the Wedemeyer model and found that the non-
monotonic behavior of the compatibility condition led to unrealistic
double-valued solutions for azimuthal velocity. Since it is apparent
from Weidman's results that the Rogers and Lance compatibility condition
may be inappropriate for the spin-up problem, we have attempted to use
the present numerical technique to quantify the Ekman layer mass flow
rate during spin-up and investigate the degree of applicability of both
the Wodemeyer and Rogers and Lance conditions.

In order to determine the instantaneous outward radial mass flow at
a particular radial position along the endwall we had to adopt a defini-
tion for the "boundary-layer' edge in the Navicr-Stokes calculations,
We define this edge, &, to be the last axial position away from the end-
wall where u passes through zero. The numerical results show u passes
through zero only once in the interior at a particular radial position
utiless there is a temporary reversed flow region(s) present at that
radial position. A typical radial velocity profile obtained from the
Navier-Stokes solutions is shown in Figure 12 and compared with a
corresponding Rogers and Lance boundary layer result for a non-rotating
outer flow (the Von Karman problem); the core flow above the Ekman layer
was not rotating for t = 8.3 and r » 0.76 in the present calculations,
The two results in Figure 12 are almost identical as they should be
according to the Wedemeyer model. The small differences are probably
due to the fact that u does not asymptotically approach zero at the
edge of the Ekman layer for spin-up in a finite cylinder. The Rogers
and Lance calculations, on the other hand, impose this asymptotic
behavior as a houndary condition.

194, H. Rogere and G. N. Lanoe, "The Rotationally Symmetric Flow of a
Visoous Fluid in the Presence of an Infinite Rotating Disk,” J. Fluid
Nech., Vol. 7, Pt. 4, April 1960, pp. 617-831,

32




PR Ao ARATITET etk il R g0

RADIAL FLOW INTEGRAL

0.5

04

0.3

0.2

0.1

ROGERS AND LANCE (1960)

)

. WEDEMEYER LINEAR
INTERPOLATION (1964)

| A 1 1

0 0.2 0.4 0.6 0.8 10

v/r

Figure 11, Ekman layer compatibility conditions.
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For purposes of the present comparison, the nondimensional Lkwan
Liver radial mass tlow rate, @, is Jdetermined from the numerical results
using the relation

v R/ (21)

where ¥ represents the value of ¥ at z = 6§, for a specified vadial
position. The value of v at 2 = & is used to define the local value of
v/r for comparison with the compatibility conditions in Figure 11. Both

Yo und veoare obtained from the numerical results by linear interpolation.

Figure 13 shows typical numerical results for m as a function of v/r,
Values for a = 2, Rex 9741.6 are plotted for three radial positions and
various values of t, indicated by the numbers adjacent to several points,
Avcording to these calculations the Ekman layer forms during approxi-
mitely the first cylinder rotation, t = 2n; thercafter, it monotonically
decays as t and v/r increase.  The data in Figure 13 were obtained using
results from 21 x l and 41 x 41 grids, together with Richardson quad-
ratic extrapolation®, to approximate results for zero grid size. The

validity of this upproach wis partially atfirmed by approximating m by
the tirst two terms of ¢ series

L i
m. = om ¢ b (A"z') L NN (22)

-

where ,, b and  arc unknown constants and ®; represents the value of
f obtained with a particular grid size Ang. humorlcal results for AB; =
‘n- = 0,100, 0,050 and 0.025 were used to ‘determine the threc constants
in Equation (22) for representative r and t. The results show that
1.9<€ ¢ €5.7, indicating that the uactual variation is no more extreme
than that given by Richardson's result with ¢ = 2, The results in
Figure 13 arc typical of those for calculations parformed over the
parameter range 1 € a < 4.4 and 405S S Re € 5 x 104, The complcte set
of numerical results, together with grid convergence studies performed
for x = 1, Re = 1000, 9741.6 and 5 x 104, supports the following con-
clusions:

a. the Ekman layer mass flow at a given radial position decreases
monotonically as v/r and t increasc for t & 2n;

b. there is no unique compatibility condition that is valid in an
exact sense for all a, Re, r and t;

¢. a new compatibility condition can be constructed that gives a

better approximation to the present numerical data than either the
Rogers and Lance or the Wedemeyer compatibility condition.
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The data for | € a € 4,4 and 405 S Re € 5 x 10 have hoen used te
develop a new compatibility condition and to determine its error. 1t
wis constructed by expressing the average valuc of mat r = 0.5 as a
tfunction of (v/r). A simple monotonic function that approximates the

numerical data is

(.443/9) {16 (v/r)® - 24 (v/1)% + 9] for 0 € (v/7) < 0.75
N (23)

T ST
R e e

(.443) [} - (v/r)] for 0.75 < (v/r) < 1,

I PRI T sy T

g £ It is plotted in Figure 14 and compared with the Wedemeyer and Rogers
and Lance conditions. 1In general, the calculated m is larger than pre-
dgicted by Eguation (23) for r < 0.5 and swaller for t > 0.5, this trend
is apparently due to a radial variation in m caused by the prescnce of
the sidewall, The curve described by Equation (23) falls between the

Wedemever and Rogers and Lance curves for 0 < v/r < 0,75 and is coincident

with the Wedemeyer curve for 0.75 € v/r € 1; it has a continuous first

3 : Jderivative over the interval {0,1]. The shaded band represents the

5 : maximum "scatter” present in the numerical data for t > 2n, | € a €4.4,
405 € Re € 5x104, For 0 € t € 2n the mass flow is less than that in-
dicated by the shaded band for a given (v/r); this early time behavior is
not described by Bquation (231 and is outside the scope of the Wedemeyer
theory. Nota that Bquation (23) is not fitted to the center of the
shaded band; rather, it is purposecly fitted to the r = 0.5 data to weight
the results toward the center of the endwall and attempt to make it
equally valid for r <« .S ard r > 5. A curve fitted to the center of
the shaded band would weight the results toward the sidowall where the
radial variation in # is most ,pronounced.  This would result in a recla-
tively poor approximation to m near the center of the cylinder. It
should be noted that the adoption of the compatibility condition given
by Equation (23) leads to errors in the nondimensional mass flow rate
predicted at a given r and t (and hence the core radial velocity in the
Nedemeyer model) of as much as approximately 20% of the maximum value,
0.443. This rather large error is inherent in any compatibility con-
dition that neglects the radial variation of mass flow., We expect that .
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the compatibility condition givxn by Equation (23) should be cqually P
valid for a > 4.4 and Re > 5x10® as long as the Ekman layer remains % {

laminar. A compatibility condition appropriate for a turbulent Ckman
layer cannot be devcloped using resultuy from the present numerical

procedure,
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VILL.  CONCLUS TONS

A predictor-corrector multiple-iteration method has been conbined
with the Gauss-Seidel iteration technigque to produce an accurate and
: v cffivient numerical procedure for solving the unsteady Navier-Stokes
i ¢ cquations,  Test calceulations for spinsup in a cylinder were shown to he
: consistont with previous calculations and/or cxperimental measure-
ments,  Computations carried out for 0.5 € a € 4.4 and 205 € Re < 50,000
showed that coordinate transformations could be used to simultancously
resolve details of both the interior and boundary layer flows using i
moderate number of grid points, These calculations demonstrated the
presence of inertial oscillations and temporary reversed flow regions
along the sidewall during spin-up from rest. Computational cexperiments
have been performed to determine the radial mass flow in the endwall
Ekman luayers during spin-up and investigate the accuracy of compatibility
conditions used in the Wedemeyer spin-up model, A new compatibility
condition has been developed based on the results of this numerical
study.,
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¢ ; APPENDIX A 3
3 3 TRANSEFORMED EQUATIONS AND BOUNDARY CONDITIONS
: ; The Navicr-Stohes cquations, Equations (1) - (3), and boundary 1
2 3 conditions, tquations (11), are transformed from the (r,z) physical 3
; ] planc to the (8,n) computational plane using the analytical transforma- .
8 - tions given by Equations (12). The transformed governing cquations are 1
. : - 1
El ] ve = vg lRe " (B - B./T) - BN, */7] ;
:- ! MR ch.l Ner * Be My Ye/r) 1
B ) : ) , 3
i i - 1] tye .
: % + Re " | (B) PP (n) Ynn" (A-1) 1
- H 3
;
- ¢ 3
E ¥ 1
- i e ® fy [ReT (Bl e /1) - B ., v/t 4
> : ] 3
} . [Re ! n, * B0, 1’8/1‘] i

¢ + - l-RO"/rZ ¢ n, Yn/rzl , (A-2)
- 2 . 2 '
YBS * ("z/br) "vm ¥ !'C/(ﬁr) ) “zz ‘n/(ar) i ;
i 2 |
é s [/rs) - 8 /(8 AP (A-3) %
E where % :
% B = Wb e 1) (- P [{be D/(b- D], (A-4) ! ?
, . = 5
i Ber © -fﬂr/l(b s 1) (b -1)], _ (A-5) % %
1
’}\ n, * 28/{a(c + z/a - 1)(¢ - 2/a + 1) In [(E+ D/(T - 1], (A-6) ; ;
1 n, = 2/a - ) n/{a(€@+ 2/a - D -2/a+ D], (A-7) i
, al ;
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with b = (1 - ) 172 and ¢ = (1 - ¢) 1/ .

i i The transformed boundury conditions become

] : Y(t, 0, n) s y(t, 0, n) = &(t, O, n) = O, (A-8)
! Y(t, 1, n) = 0, y(t, 1, n) =1, (A-9)
Y(t, 8, 0) = 0, v(t, 8, 0) = r7, (A-10)

YL, t, 1) = «(t, 8, 1} = Vn(to 8, l) = 0, (A'll)
' : (A-12)
I ¥ ity by = (BT Yo 2
i
= = A-13
W, 8, 0) = (n) vnn/r. ( )
where
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APPENDLX B
FINITE-DIFFERENCE EQUATIONS

The finite-difference approximations given by Equations (13) form
the basis of the finite-difference cquations representing Equations (A-1)
and (A-2). Uncoupled lincar difference equations are constructed with
the PCMI method by approximating Y. and A\ in Equations (A-1) and (A-2)
and y and Y, in Equation (A-2) as Enown constants, specified from cither
the extrapolated value or the value calculated at the previous iteration
level, The coupling between equations and the nonlinearities of
individual terms arc approximated by the multiple-iteration process
which updates Y , v ., v and y_ at cach subsequent iteration level. In
the present difterence proccdarc. station (iel,j,k) in Figure 3 is calcu-
lated from known information at stations (ie¢l,j,k-1), (i+l,j,kel),
fi,j,h) and (i-1,),8). Stations (iel,j-1,k) and (ie¢l,j¢l,k) are trcated
as unknowns, resulting in a tridiagonal system of cquations for Lquations
(A-1) and (A-2). The y-difference equation is given by the tridiagonal
system

me | mel me]

i Vet t P

1 Yiel, gk * S0 Yieljerk " hy ¢ (B°D

where

o= LB - 8./r)/Re - w8 _¥ /r}/(288) - (B /8B)%/Re,  (B-2)

J
2 2
by = 33t « 2 ((6,./738)° ¢ (n /&n)"}/Re, (8-3)
. [ 2 -
€ ay - 2 (8./48)7/Re, (B-4)
dl_] - (“ Yi,j.k - Yi‘l,j.k)/(zﬂt)
(m) (m)

.| Y(n,,/Re ¢ n 8, ¥, /r)/(2An)

Viel,j, kel ~ Yiel,j, k-1

(m) (m)

2
* Uiatgokel * Viel,jk-1) (n_/An)"/Re, (B-5)
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The -difference cquation is given by the tridiagonal systom

(me1) (me1) (mel) L, . .
G5 Lied,go1,k * P25 Cen,g,k * S2) “hen,jer,k 42y ¢ (B6)
where
nzj - ‘lj + Br,(r AB Re)l (B°7)
2
by * By ¢ (/Re - n v )/r°, (B-8)
€pj " €y - 2 B/(r Re), (B-9)
oy = L gk T B,y a0 (28
o (2™ L .
ie1,j,\el iel,j,k-1) (nz:/Re +n, £r YB/r,/(zAn)
L)) . (@) 2
el johel * Crel,j,ke1) (ng/An)"/Re
L ) (n) (m) 3
lyl‘l,).k) (Yi".j.k’l - Yi‘l'j.k_l)(ﬂz/ml)/!' . (B‘lo)

The finite-difference approximations given by Equations (14) *uorm
the basis of the finite-difference equations representing Equation (A-3).
The quantity ¢ in Equation (A-3) is specified from either the extrapolated
value or the value calculated at the most recent t-iteration level. In
the Gauss-Scidel procedure used to solve Equation (A-3), station
(is1,j,k) is calculated from known information at stations (iel,j-1,k),
(isl,je1 .k}, (i+¢},j,k-1) and (i+l,j,.kel)., The v-difference equation is
given by

1) _f . () (me1) 2
Viel,j ‘(Yin.jol.k * Yie1,j-1,00 (8,708)
(m) (mel) 2
* (a1, 5.ke1 * Yie1,§,k-1) (/00
(m) (me+1)
¢ 5o,k " Yel, )1,k (Bep - B/T)/(2 08)

(Cont'd)
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{cont 'd)
{m) (m+1)

ivr, it = Yien gk

)

RSP BT

9 2
FL2(8 /88)7 & 2(n /An)7] 3 (B-11)
i here yim ) . (me1) e
3 where viol.j'l,k and Yitl.j.k-l are both known quantitics duc to the
- order in which the calculations are performed.

The difference equations shown in this Appendix are solved using
the numerical procedure described in Section 111,
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e
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LIST OF SYMBOLS

cylinder radius

constants in Lquation (22)

coordinate transformation constants

cylinder half-height

Lhman number |« v/(ucz)l

time subscript

radial subscript

axial subscript

t-iteration superscript

nondimensional Ekman layer radial mass flow rate
Y-iteration superscript

nondimensional and dimensional radial coordinate
Reynolds number [= 2 al/v)

nondimensional and dimensional time

r,n,2 nondirensional velocity components
nondimensionat and dimensional axial coordinate
cylinder aspect ratio [= ¢/al

transformed radial coordinate

nondimensional and dimensional circulation
Ekman layer edge

iteration convergence criteria

nondimensional and dimensional vorticity
transformed axial coordinate

arimuthal coordinate

liquid kinematic viscosity

nondimensional and dimensional stream function
final cylinder rotation rate

initial cylinder rotation rate

grid sizes in 8 and n coordinates
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USER EVALUATION OF REPORT

Please take a few minutes to answer the questions below; tear out
this sheet and return it to Director, US Army Ballistic Research

Laboratory, ARRADCOM, ATIN: DRDAR-TSB, Aberdecen Proving Ground,

Maryland 2100S. Your comments will provide us with information

for improving futuro reports,

1. BRL Report Number

2. Dboes this report satisfy a need? (Comment on purpose, related
project, or other arca of interest for which report will be used,)

3. How, specifically, is the report being used? (Information
source, design data or procedure, management procedure, source of
ideas, otc.)

4. Has the information in this report led to any quantitative
savings as far as man-hours/contract dollars saved, operating costs
avoided, cfficiencies achieved, ectc.? 1If so, please elaborate,

- ——

O —

S. General Comments (Indicate what you think should be changed to
make this report and future reports of this type more respontive
to your needs, more usable, improve readability, etc,)

- - —— e P st

6. 1f you would like to be contacted by the personnel who prepared
this report to raisc specific questions or discuss the topic,
please fill in the following information.

Name :

Telephone Number:

Organization Address:
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